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1. In t roduc t ion  

This  paper i s  concerned wi th  t h e  conforming f i n i t e  element s o l u t i o n  

of t h e  s t a t i o n a r y  S tokes  equat ions of incompressible  v i scous  flow. 

Although we do n o t  a t tempt  t o  solve t h e  f u l l  non l inea r  Navier-Stokes equa- 

t i o n s ,  it seems reasonable  t h a t  t h e  r e s u l t s  presented  have d e f i n i t e  rele- 

vance t o  t h a t  case .  Mainly, w e  present  t h e  r e s u l t s  of numerical  c a l c u l a t i o n s  

designed to e v a l u a t e  t h e  accuracy of some p a r t i c u l a r  f i n i t e  e lements ,  both 

old and new. Although t h e  e x i s t i n g  l i t e r a t u r e  con ta ins  a f a i r  amount of 

r epor t ing  of numerical  r e s u l t s ,  m o s t  of it does n o t  a i m  a t  a s s e s s i n g  t h e  

asymptot ic  convergence r a t e s .  Rather,  au tho r s  tend t o  assess t h e  s u i t a b i l -  

i t y  of t h e  approximations on t h e  b a s i s  o f  some empi r i ca l  c r i t e r i o n ,  such 

a s  a v i s u a l  p r e s e n t a t i o n  of t h e  f l o w  f i e l d .  Here, w e  a t tempt  t o  assess t h e  

asymptot ic  rates of convergence of approximations t o  smooth s o l u t i o n s  of 

the  equat ions  i n  t h e  norms of Ho and T2 f o r  t he  v e l o c i t y  f i e l d ,  and 

L2 

of phys ica l  i n t e r e s t ,  e . g . i n  the  computation of  shear  stresses i n  the  

f i r s t  case, and t h e  cons t ruc t ion  of flow f i e l d s  in  t h e  second. A s  i s  usua l  

w i th  t h e  asymptotic type  of ana lys i s ,  i n t e r e s t  i s  d i r e c t e d  t o  those  f i n i t e  

'1 

f o r  t h e  p re s su re  f i e l d .  The two norms on t h e  v e l o c i t y  e r r o r s  are both 

elements which achieve  approximation t h e o r e t i c a l  accuracy t o  t h e  t r u e  solu-  

t i o n s  i n  t h e  norms of i n t e r e s t .  

Sec t ion  2 con ta ins  an o u t l i n e  of t h e  theory  of t h e  e r r o r  estimates a t  

a l e v e l  of d e t a i l  s u f f i c i e n t  f o r  understanding t h e  remainder of t h e  paper.  

I n  s e c t i o n  3 w e  in t roduce  t h e  f i n i t e  elements which w i l l  be usea gene ra t e  

t h e  approximations,  and i n  sec t ion  4 we p resen t  t h e  numerical  r e s u l t s  a long 

w i t h  our  conclusions.  
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2. E r ro r  Theory 

The equat ions  t o  be so lved  are t h e  fo l lowing:  

where 

Z'(i2) 
t y  f i e l d s  whose components have a d i s t r i b u t i o n a l  d e r i v a t i v e  i n  L (9 )  i n  

each v a r i a b l e  and which have ze ro  trace on ?E, normed by 

denotes  the  H i l b e r t  space  of real  valued 2 o r  3 dimensional  ve loc i -  0 
2 

I n  (2.3) - ( 2 . 5 )  t h e  co lon  denotes  t h e  sum o f  t h e  p roduc t s  o f  t h e  components 

of t h e  t e n s o r  s tanding  on each s i d e  of i t .  I n  ( 2 . 4 )  r2(fl) denotes  t h e  

l i n e a r  subspace of L2(G) of e lements  or thogonal  t o  c o n s t a n t s .  9 i s  a 

donain i n  R2 o r  R3 where t h e  v e l o c i t y  and p r e s s u r e  d i s t r i b u t i o n s  are 

sought .  

I n  ( 2 . 1 )  - ( 2 - 2 ) ,  f_ and g denote  bounded l i n e a r  f u n c t i o n a l s  

r e s p e c t i v e l y  on and r 2 ( R ) .  The v i s c o s i t y  parameter v has  been 

absorbed i n t o  t h e  p r e s s u r e  f i e l d  p, and a l s o  a f f e c t s  t h e  s c a l i n g  of 

and g. 

The f i n i t e  element scheme used is  t h e  s t a n d a r d  one, namely 

h Al V C H0(2) and Sh C y2(3 )  

def ined  by 

a re  chosen and approximations g h , p h  a r e  
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4 

I n  o rde r  t o  desc r ibe  t h e  e r r o r  ana lys i s ,  some n o t a t i o n  is requ i r ed .  L e t  

ZE  E:(!2) and Z h f  Vh be defined as fol lows:  

‘1 
0 Roughly speaking,  z i s  t h e  subspace of H (a) of so l eno ida l  f i e l d s  and 

Zh  is  t h e  subspace of Vh of “ d i s c r e t e l y  so lenoida l ’ ’  f i e l d s .  It i s  

necessary  t o  r e a l i z e  t h a t  i n  genera l ,  Zh z. 
Analysis  of t h e  e r r o r  between t h e  s o l u t i o n s  of ( 2 . 1 )  - (2.2) and 

(2.6)  - (2 .7 )  w a s  g iven i n  [l], gene ra l i z ing  previous work, p a r t i c u l a r l y  

[2 ] .  The a n a l y s i s  was based on the a p p l i c a t i o n  of t h e  Babugka theory  t o  

-1 -2 
HO x L t he  equat ion  on 

r ep resen t ing  (2.6) - (2.7), i n  t h e  obvious way. The r e s u l t i n g  e r r o r  es t i -  

mate, ob ta ined  i n  t h e  graph norm 

g ives  t h e  usua l  r e s u l t  

h 
and I I  P - P  II h Often,  one i s  i n t e r e s t e d  i n  t h e  e r r o r s  11 2-g 11 

Ho (Q) L2 (Q) * 
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Clea r ly ,  f o r  the f i r s t  of t hese ,  (2.9) g ives  

h 1 1  p - p )I -2. wi th  a similar estimate f o r  

p r e c i s e  e s t ima tes  ob ta inab le ,  even wi thout  changing t h e  hypotheses.  The 

Hovever, t h e s e  are n o t  t h e  most 
L 

more p r e c i s e  es t imates ,  given i n  [ 6 ] ,  are 

(2.12) i s  s u f f i c i e n t l y  similar t o  t h e  corresponding estimate obta ined  from 

t h e  graph norm t o  r e q u i r e  no d i scuss ion  except  t o  po in t  ou t  t h e  improvement 

i n  t h e  d i s t r i b u t i o n  of t h e  cons t an t s .  (2.11) though, con ta ins  new informa- 

t i o n  i n  t h e  m u l t i p l i e r  T(Z,Zh) def ined  by 

h For example, i f  z C Z ,  then  r(Z,Zh) = 0. General ly ,  r(Z,Zh) is  a 

measure of the angle  between t h e  l i n e a r  manifolds Z and ZhC H0(n). 

r(Z,Zh) = 0, then (2.11) shows t h a t  t h e  e r r o r  i n  t h e  v e l o c i t y  f i e l d  is  com- 

+l If 

y l e t e l y  independent of t h e  e r r o r  i n  t h e  p re s su re  f i e l d .  However, (2.10) does 

n o t  p r e d i c t  t h i s  independence. Thus (2.11) con ta ins  more informat ion  than  

(2.10). Although i t  has  no t  been proved, i t  seems reasonable  t h a t  (2.11) 

i s  a sharp  estimate i n  a l l  cases, and no t  only when r(Z,Zh) = 0. For t h e s e  

reasons ,  w e  w i l l  regard (2.11) - (2.12) as our  e r r o r  estimates f o r  t h e  ve loc i -  

t y  e r r o r  i n  H (P) and t h e  p re s su re  e r r o r  i n  L2 (R) . I n  l a t e r  s e c t i o n s ,  -1 
0 

examples of t h e  a p p l i c a t i o n  of t h e s e  estimates w i l l  be  given.  

c 

C 
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, t h i s  be ing  h Onr f u r t h e r  po in t  concerns t h e  e r r o r s  11 2-2 I] -L2 
L ( Q )  2 t h e  sum of the  squares  of t h e  L (Q) norms of t h e  components of t h e  

e r r o r .  To o b t a i n  t h i s  e r r o r  from (2.11)  - (2.12) i s  a s t r a i g h t  forward 

a p p l i c a t i o n  of t h e  s t anda rd  d u a l i t y  argument, provided 2 is s u f f i c i e n t l y  

smooth, and y i e l d s  t h e  expected r e s u l t  t h a t  

(2.14) 

where h has  t h e  usua l  s ign i f i cance  of a measure of t h e  g r i d  s i z e .  

3. F i n i t e  Elements 

A b a s i c  f a c t  about  non-posit ive d e f i n i t e  problems such as ( 2 . 1 )  - (2 .2)  

i s  t h a t  i n  gene ra l ,  d i s c r e t e  approximation procedures  a r e  uns tab le .  (This  

can be a n t i c i p a t e d  f o r  t h e  symmetric cases  - l i k e  (2 .1 )  - (2.2) - from 

theorems about e igenvalues  of constrained o p e r a t o r s  

corresponding bu t  less constrained o p e r a t o r s . )  Thus, i t  i s  necessary  t o  

e x e r c i s e  ca re  i n  t h e  choice of  approximation spaces  Vh and Sh. There 

i n t e r l a c i n g  those  of 

are s e v e r a l  cond i t ions  t h a t  must hold f o r  s t a b i l i t y  t o  be guaranteed,  and 

they  may be found, e .g .  i n  [l] or [ 6 ] .  The most important one, i n  t h e  sense  

of i t  being t h e  one which f a i l s  to  be  s a t i s f i e d  i n  t h e  uns t ab le  c a s e s  w i l l  

now be introduced.  L e t  (Vh denote t h e  or thogonal  complement of Zh i n  

V h ,  s o  t h a t  

vh = Zh @ wh. 

L e t  d ivh  : Vh -t Sh be def ined  by t h e  r e l a t i o n  
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where b ( * , * )  is def ined  by ( 2 . 4 ) .  The necessary s t a b i l i t y  condi t ion  

i s  t h e  following: 

2 where y y2(h) .  We mention t h a t  t h e  condi t ions  necessary  f o r  t h e  

e x i s t e n c e  of the decomposition (3.1) and t h e  ope ra to r  d i v  w i l l  always 

hold  f o r  t h e  problem se t  up as descr ibed  i n  s e c t i o n  2. See e .g .  [l], [ 6 ]  

f o r  t h e s e  d e t a i l s .  (3.3) is  no t  easy  t o  prove i n  gene ra l ,  and w e  w i l l  n o t  

a t t e m p t  t o  provide p roof s  f o r  t h e  elements d i scussed  below. However, i t  

should be pointed ou t  t h a t  (3.3) has  i n  f a c t  been proved f o r  each of t h e s e  

cases  [ 3 ] .  In choosing Vh and Sh, some dec i s ion  must be made about t h e  

degrees  of the element polynomials i n  each case.  I n  f a c t ,  be fo re  t h i s  can 

be done a t r i a n g u l a t i o n  must be e s t a b l i s h e d  f o r  

Sh. 

as co inc ident  t h e r e  i s  no a p r i o r i  reason f o r  i t ,  and some of t h e  elements 

below use d i f f e r e n t  - al though no t  un re l a t ed  - t r i a n g u l a t i o n s .  

h 

Uh,  and another  one f o r  

Although i n  t h e  l i t e r a tu re  these  t r i a n g u l a t i o n s  are usua l ly  taken 

(2.11) shows t h a t  i f  t h e  mesh s i z e s  of Vh and Sh are  comparable, 

h 
then ,  s i n c e  0 5 T ( Z , Z  ) 5 1, t h e  degree of 

t h a t  of Vh. We r e f e r  t o  t h i s  as "conparabi l i ty" .  I n  t h i s  case ,  t h e  two 

e r r o r  terms a re  of t h e  same o rde r  i n  h .  However, t h i s  cond i t ion  i s  n o t  

-1 necessary  f o r  Ho 

m a l  Ho convergence. It i s  assumed of course t h a t  t h e  chosen elements form 

a s t a b l e  combination i n  t h e  sense  of (3 .3) .  

Sh should be one less than  

convergence, a l though i t  probably i s  necessary  f o r  o p t i -  

A 1  

A s  an example of an uns t ab le  d i s c r e t i z a t i o n ,  i t  i s  necessary  t o  look 

no f u r t h e r  than t h e  t r i a n g u l a t i o n  of a square by t h e  method shown i n  F igure  1. 

Defining 

and Sh 

Vh t o  be a l l  piecewise l i n e a r  f i e l d s ,  vanish ing  on t h e  boundary 

t o  be a l l  piecewise cons t an t s  on t h e  t r i a n g l e s  wi th  mean zero  over 

~ 
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t he  square,  it may be simply shown from (3.2)  t h a t  

d i v g  5 d i v v  - h v v h c  Vh. h 

On t he  o t h e r  hand, i n spec t ion  of Fig.  1 and use of t h e  boundary cond i t ions  

on - vh and t h e  d e f i n i t i o n  of d ivvh  - shows t h a t  

h d i v  - vh = 0 impl ies  - v = 0. 

h -  h But then Zh = 0, s o  w = V and t h e r e f o r e ,  (3.3) must hold  f o r  every 

- vh C: Vh. and 1 

is  a b e s t  E! (52) approximation to  a so leno ida l  f i e l d ,  we can make 

h h But c l e a r l y ,  by choosing - vh such t h a t  11 v 11 -L1 = 1 
‘1 HO 
0 

U sense.  

- _  
(x,y) is  t h e  cen t ro id  
of a t r i a n g l e .  

Figure 1. 

A s t a b l e  scheme, apparent ly  f i r s t  suggested i n  [ 2 ] ,  is  obta ined  by 

us ing  t h e  same Sh as befo re  and t ak ing  f o r  Vh a l l  continuous piecewise 

q u a d r a t i c  f i e l d s  vanishing on an. This  scheme, f o r  which computational 
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'1 
r e s u l t s  are reported below v i o l a t e s  t h e  r equ i r enen t  f o r  opt imal  Ho(f2) 

accuracy i n  the  computed v e l o c i t y  (but  n o t  f o r  o p t i m a l i t y  i n  t h e  graph 

norm); i t  follows from (2.11) t h a t  t h e  v e c t o r  e r r o r  is dominated by t h e  

last term (it can be shown t h a t  h r(z,z ) = 1 f o r  t h i s  element p a i r ) .  

Another technique f o r  s t a b i l i z i n g  t h e  uns t ab le  scheme mentioned 

above is  as follows [8 ] ;  first  w e  d i s c u s s  t h i s  f o r  t h e  square  of F igure  1 

- -  
(x ,y)  i s  t h e  c e n t r o i d  

F igure  2 

and Figure  2. This  t i m e ,  Vh does not  change, bu t  Sh i s  def ined as a l l  

piecewise cons tan ts  w i th  mean over R equal  t o  ze ro ,  def ined on t h e  tri- 

angu la t ion  of Figure 2. This  is  an example of d i s t i n c t ,  a l though c l o s e l y  

r e l a t e d  t r i a n g u l a t i o n s  being used €or  Vh and S . The comparabi l i ty  

'1 cond i t ion  for opt imal  H (n) accuracy i s  e v i d e n t l y  s a t i s f i e d ,  and i t  i s  0 

p o s s i b l e  t o  show t he  s t a b i l i t y  of t h e  combination. I n  gene ra l ,  t h e  reg ion  

would be divided i n t o  q u a d r i l a t e r a l s ,  i n  each of which a cons tan t  p re s su re  

d i s t r i b u t i o n  is assumed, and a cont inuous p iecewise  l i n e a r  v e l o c i t y  f i e l d  

def ined  by s p l i t t i n g  each q u a d r i l a t e r a l  i n t o  2 t r i a n g l e s  by drawing a diag- 

ona l .  Th i s  element combination i s  s t a b l e  and computat ional  r e s u l t s  f o r  i t  

are r epor t ed  below. 

h 



- 9- 

8 

O u r  t h i r d  scheme has  t h e  d i s t ingu i sh ing  f e a t u r e  t h a t  f o r  i t ,  d ivh  

h 
co inc ides  wi th  d iv ,  (so t h a t  T ( z , z  ) = 0) .  Also, t h e  scheme i s  s t a b l e .  

This  scheme makes use,  f o r  t h e  square reg ion ,  t h e  t r i a n g u l a t i o n  shown 

i n  F igure  3. 

Figure 3 

Once aga in ,  

f i e l d s ,  zero  on aR. Sh is a c e r t a i n  subspace of t h e  c lass  of a l l  piece-  

w i s e  cons t an t s  on t h e  t r i a n g l e s  of t h e  subdiv is ion .  This  class is i n  fac t  

def ined  as 

Figure  4 ,  def ined  w i t h i n  each box ABCD, by t h e  c h a r a c t e r i s t i c  f u n c t i o n s  of 

t h e  t r i a n g l e s  ABD, ABC, and BCD. 

box, r a t h e r  than  f o u r  dimensional, because t h e r e  is a c o n s t r a i n t  fo rced  on 

t h e  fou r  cons t an t s  by t h e  divergence theorem. See [ 4 1  f o r  more d e t a i l s  of 

t h i s  element p a i r .  

Vh i s  taken as t h e  c l a s s  of a l l  cont inuous piecewise l i n e a r  

Sh S d i v  Vh. A convenient b a s i s  f o r  t h e  space is, r e f e r r i n g  t o  

The b a s i s  i s  t h r e e  dimensional w i t h i n  each 

The f o u r t h  and f i n a l  scheme, u n l i k e  t h e  t h r e e  prev ious  ones is r e s t r i c t e d  

t o  reg ions  whose boundaries  are  s t r a i g h t  l i n e s  paral le l  t o  t h e  coord ina te  

axes ,  s i n c e  i t  uses  b i l i n e a r  elements f o r  Vh and, once a g a i n  piecewise 
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D 

A B 

- -  
(x,y) is the centroid 
of a triangle. 

Figure 4. 

constant elements with mean zero for the pressure field. 

of Figure 2 would be appropriate for this pair of elements. 

comparability condition holds, and optimal Ho accuracy should be obtained. 

The triangulation 

Again the 
&1 

4. Computational Results and Discussion 

In order to compute the asymptotic error behavior as a function of h, 

(2.1) - (2 .2 )  was solved in the region 

s2 = ((x,y) 1 o<x, y< 11, 

for a problemwhose exact solution is 

1 sinnx sin 2Ty 

x (1-x)sin.rry 
- u =  ( 2  

3 
p = (1- 4y+y )cos Trx . 

~ 
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. 
a 

For this choice of 2 and p ,  both - f and g in (2.1) - (2.2) will 
be nonzero, although ub = 0. Generally in incompressible flow g = 0, 

but the fact that here it is 

results below when g = 0. This is because for smooth solutions the 

rates of convergence in the estimates (2.11) - (2.12), and (2.14) are 

independent of f and g. For instance, in (2.11), using linear velocity 

and constant pressure elements we obtain 

as2 

$: 0 does not affect the validity of the 

"0 
and only the multiplier of h depends on f and g. 

For I j revi ty ,  -I-- G-.,... ....<.-,. -6 4-r4.Y-l  F,mr.finnc T A l l  hP_ CiJled 
L l l C  L V U L  p a r r . a  "L L**U* *U..Cb&V*.Y ..^&& 

Pl(Quadratic/constant), P2(Linear/constant on boxes), P3(linear/constant 

as in Figs. 3 and 4 ) ,  P4(Bilinear/constant). They are described in this 

order in section 3. The triangulation used was in each case the regular 

one defined in the appropriate paragraph of section 3 .  

For the computations themselves, the problem was solved in each case 

The discrete linear using a sequence of grid sizes 

systems were solved in each case by a banded elimination solver with partial 

pivoting; this is necessary since the assembled coefficient matrix, while 

symmetric, is indefinite. Regarding the imposition of the pressure normali- 

zation condition 

h = 1/7 to h = 1/14. 

it was found most simple to assign an arbitrary variable at the end of 

the forward sweep. The resulting solution must, of course, now be pro- 

jected orthogonally to the constantpressure field t o  obtain a solution 

satisfying (4.1). 
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For elements P2 - P4, it  t u r n s  o u t  t h a t  a f u r t h e r  (not  "physical ' ' )  

i n  o rde r  t o  o b t a i n  a o r t h o g o n a l i t y  condi t ion  has  t o  be imposed on ph 

unique s o l u t i o n  t o  t h e  equa t ions .  Rather  than  d i s c u s s  a d e t a i l e d  ap- 

proach ( a c t u a l l y  a n o t h e r  p r o j e c t i o n )  w e  merely observe t h a t  no matter 

what o r t h o g o n a l i t i e s  are r e q u i r e d  of t h e  p r e s s u r e ,  once t h e  v e l o c i t y  

f i e l d  gh is  found, t h e  p r e s s u r e  can always be computed - a t  some c o s t  - 
as t h e  least  squares  s o l u t i o n  t o  t h e  a l g e b r a i c  equ iva len t  of t h e  f i r s t  

d i f f e r e n t i a l  equat ion ( 2 . 1 ) .  This  computation w i l l  n o t  be  d i scussed  

any f u r t h e r  here as our  aim is  t o  assess convergence rates, r a t h e r  t han  

t o  d i s c u s s  s o l u t i o n  a lgo r i thms ;  t h e  l a t t e r  i s  a l a r g e  enough s u b j e c t  i n  

i ts  own r i g h t ,  and w i l l  be  d i scussed  i n  d e t a i l  e lsewhere [ 7  3 .  

I n s t e a d  of computing t h e  e r r o r  2 - gh, we  a c t u a l l y  conputed 

is t h e  poin twise  i n t e r p o l a t i o n  ope ra to r  from 

The following n o m s  w e r e  computed 

h I u - 2  , where h- 

2' 5 
-h h 

= Ihu C V . 

( 4 . 2 )  

( 4 . 3 )  

By t h e  t r i a n g l e  i n e q u a l i t y  

where 11 11 * denotes  e i t h e r  of  t h e  norms i n  ( 4 . 2 )  - ( 4 . 3 ) .  Since  t h e  

f i r s t  term on t h e  r i g h t  of ( 4 . 4 )  i s  pure ly  approximation t h e o r e t i c a l  i t  

can be e a s i l y  es t imated  f o r  smooth s o l u t i o n s .  

t h e  l e f t  hand s i d e  can be  obta ined  f r o n  estimates of t h e  second term on 

t h e  r i g h t .  

Therefore  an  e s t i m a t e  f o r  

c 

L 
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C o n c e r n i ~ g  t h e  p re s su re  f i e l d  e r r o r s ,  t h e  same method w a s  used. 

I n  o r d e r  t o  g ive  a complete desc r ip t ion  however w e  have to s p e c i f y  t h e  

p a r t i c u l a r  p o i n t s  a t  which t h e  pressure  i n t e r p o l a n t  w a s  formed. These 

are as fol lows:  

Tables  1-4 con ta in  t h e  computed convergence rates f o r  t h e  L2(Q) 

e2 In\ "1 
e r r o r  i n  t h e  p re s su re  and t h e  L ( U J  and t! (0 )  e r r o r s  f o r  t h e  ve loc i -  

t i es  f o r  each of the element p a i r s  P l - P 4 .  These, as d iscussed  

above, are then  re la t ive t o  t h e  i n t e r p o l a n t s .  The rates themselves 

are computed by assuming t h a t  the e r r o r s  i n  every case have t h e  form Cha, 

and then computing 

formula 

0 '--' 

a between each p a i r  of success ive  g r i d s  by t h e  

where ci denote  any of t h e  e r ro r s .  

For P2-P4 t h e  rates given i n  t h e  t a b l e s  are a t  least  as g r e a t  as 

t h e  corresponding rates for t h e  approximation e r r o r  and t h e r e f o r e  by 

( 4 . 4 )  t h e  rate of convergence of t h e  e r r o r  w i l l  be no worse than  t h a t  

given by t h e  approximation t h e o r e t i c  p a r t .  In  t h e s e  three cases, 

(4.5) 
2 = O(h ) h I t  "'U I I  A2 

L 
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The r a t e s  given i n  Table 1 on t h e  o t h e r  hand show t h a t  i n  ( 4 . 4 )  

t h e  v e l o c i t y  e r r o r s  are dominated by t h e  second term on t h e  r i g h t  hand 

s i d e .  For example, t h e  Ho approximation e r r o r  i s  O(h2) wh i l e  by 

Table 1, t h e  second term i n  ( 4 . 4 )  is  a t  b e s t  O(h). S t r i c t l y  speaking,  

t h i s  does no t  imply t h a t  11 2- xh 11 A1 is  n o t  O(h ) ;  however, d i r e c t  

computation of t h i s  e r r o r  based on use  of a h igh  o rde r  quadra ture  formu- 

l a  show t h a t  t h e  e r r o r  i s  a t  b e s t  O(h). I n  f a c t ,  t he  estimates ( 4 . 5 )  

hold  f o r  P1, i n  s p i t e  of t h e  f a c t  t h a t  i t  i s  cons iderably  more complex 

t o  compute with than  t h e  o t h e r  element p a i r s .  

41 

2 

HO 

W e  no te  t h a t  i n  some i n s t a n c e s  the  rates measured r e l a t i v e  t o  t h e  

i n t e r p o l a n t  a r e  one o r d e r  highe-r than  t h e  corresponding rates f o r  t h e  

approximation e r r o r .  This  happens f o r  t h e  p re s su res  f o r  P1,  P2 and P4 

(see Tables  1, 2 ,  and 4 ) .  Although Table 3 does no t  show such behavior  

f o r  P3 ,  by averaging t h e  numerical  s o l u t i o n  i n  each box and measuring 

relative t o  t h e  t r u e  s o l u t i o n  a t  t h e  box c e n t e r ,  t h e  same improvement i n  

t h e  rate i s  obtained. For t h e  Ho e r r o r  i n  t h e  vec to r  f i e l d ,  only P2 -1 

t 

and P4 show t h i s  improvement. This  form of "superconvergence" is  

p o t e n t i a l l y  usefu l  f o r  example, when l i n e a r  f u n c t i o n a l s  of t h e  t r u e  solu-  

t i o n  are t o  be approximated. 

F i n a l l y ,  it i s  clear t h a t  i t  would be d e s i r a b l e  t o  have element p a i r s ,  

ach iev ing  a r b i t r a r y  accuracy as i n  t h e  p o s i t i v e  d e f i n i t e  case. See [5]  

i n  t h i s  connection. 
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TABLE 1 

Rates of convergence for element pair P1 

117 
1.638 

1/8 
1.658 

119 

1/10 

1/11 

1/12 

1/13 

1.674 

1.689 

1.703 

1.715 

1.725 

1.906 

I. 904 

1.906 

1.909 

1.913 

1.917 

1.921 

1.029 

1.002 

.987 

.978 

.973 

.970 

.969 

1/14 

8 
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TABLE 2 

Rates of convergence for element pair P2 

h 

117 
2.151 2.022 

118 
2.250 2.015 

119 
2.048 2.003 

1/10 

1/11 

1/12 

2.149 

2.045 

2.124 

1/13 
2.007 

1/14 

2.011 

1.990 

2.017 

2.001 

2.084 

2.065 

3 ni.7 
L. " 7 ,  

2.044 

2.021 

2.041 

2.024 
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TABLE 3 

Rates of convergence for element pair P3 

h 

I 
117 

1.269 2.129 1.028 

1/8 
1.219 2.114 1.020 

119 

1/10 

1/11 

1/12 

1.153 2.087 1.013 

1.139 2.066 1.012 

2.062 1.008 1.099 

1.096 2.043 1.008 

1/13 
1.069 2.042 1.006 

1/14 
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TABLE 4 

Rates of convergence for element pair P4 

1/ 7 

119 

1/10 

1/11 

1/12 

1/13 

2.130 

2.275 

1.925 

2.339 

1.899 

2.282 

1.833 

2.007 

1.968 

1.967 

2.017 

1.999 

1.986 

1.998 

2.053 

2.004 

1.995 

2.042 

2.017 

2.005 

2.012 

1/14 


